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We alulate the intershell resistane R21 in a multiwall arbon nanotube as a funtion of tem-
perature T and Fermi level ε
F
(e.g. a gate voltage), varying the hirality of the inner and outer
tubes. This is done in a so-alled Coulomb drag setup, where a urrent I1 in one shell indues a
voltage drop V2 in another shell by the sreened Coulomb interation between the shells negleting
the intershell tunnelling. We provide benhmark results for R21 = V2/I1 within the Fermi liquid
theory using Boltzmann equations. The band struture gives rise to strongly hirality dependent
suppression eets for the Coulomb drag between dierent tubes due to seletion rules ombined
with mismathing of wave vetor and rystal angular momentum onservation near the Fermi level.
This gives rise to orders of magnitude hanges in R21 and even the sign of R21 an hange depending
on the hirality of the inner and outer tube and misalignment of inner and outer tube Fermi levels.
However for any tube ombination, we predit a dip (or peak) in R21 as a funtion of gate voltage,
sine R21 vanishes at the eletron-hole symmetry point. As a byprodut, we lassied all metal-
li tubes into either zigzag-like or armhair-like, whih have two dierent non-zero rystal angular
momenta ma, mb and only zero angular momentum, respetively.
I. INTRODUCTION
A. General onsiderations on nanotubes
Carbon nanotubes are widely reognized as being
among the most promising materials for future nanoteh-
nology appliations. Furthermore, they are of fundamen-
tal sienti interest due to several unique eletroni, me-
hanial and thermal properties.
1
These properties often
depend on the mirosopi details of their omposition,
e.g. the way the graphene sheets are rolled into tubes and
whether one has a single or multiwall arbon nanotube or
a rope or bundle of these. Eletrial transport measure-
ments have shown a tendeny for ballisti transport in in-
dividual singlewall arbon nanotubes
2,3,4
(SWCNT) and
diusive transport in multiwall arbon nanotubes
4,5,6,7
(MWCNT), but this issue is not ompletely settled yet
8
and seems to depend ruially on the ontats to the
tubes and the amount of defets and impurities in and
near the tube. Many experiments
9,10,11,12,13,14,15
have
explored the Coulomb blokade regime, where the tube
an be treated as a quantum dot, due to poor ele-
tri ontat. More reently, better eletrial ontats
have been ahieved,
3,16,17,18
whih gives larger ondu-
tane, approahing the predited
4e2
h
, and a oherent (or
Landauer-Büttiker-like) regime is thereby reahed. Pal-
ladium seems to be a promising andidate for good fu-
ture ohmi ontats.
17,18
Another interesting feature of
arbon nanotubes is their one-dimensional nature, whih
may have profound onsequenes on the basi physial
phenomenology for their desription: SWCNT's have
been predited to be Luttinger liquids
19,20
and some ex-
perimental evidene exists
21,22
even though other inter-
pretations have been suggested.
23
Whether MWCNT's
are Fermi or Luttinger Liquids has been investigated ex-
tensively experimentally
24,25,26
and theoretially
27
and
FIG. 1: (Left): The experimental setup to diretly measure the
Coulomb drag eet in a MWCNT. The intershell resistane is
R21 = V2/I1. (Right): The basi mehanism in the intershell
resistane in a drag onguration: the intershell e−e interation
and thereby momentum transfer to indue the voltage drop V2.
seems to depend on the situation, but is still subjet to
debate. Also in ropes the situation is not lear yet.
28
The struture of this paper is as follows. We be-
gin by introduing the intershell resistane problem in
MWCNT's and our approah to it in setion IB. In se-
tion IC we review the basi qualitative features of our
theory of the intershell resistane using a Coulomb drag
setup. Setions II and III are devoted to a summary
of the band struture and a alulation of the sreened
Coulomb matrix element inluding the important sup-
pression rules for baksattering in metalli tubes, and
in setion IV we indiate how the standard transresis-
tane formulae are modied in the nanotube ongura-
tion. Setions V, VI and VII give our results for several
dierent nanotube ombinations. Details of the nanotube
band struture and the sreening model inluding the
band struture are found in the appendies.
2B. Intershell resistane in MWCNT's
Let us now onsider eletron interation and trans-
port in the onentri tubes (or shells) in a MWCNT.
Yoon et al.
29
have argued theoretially that the in-
tershell tunnelling of eletrons is vanishingly small be-
tween both ommensurable and inommensurable long
defet-free MWCNT's. Lak of intertube tunnelling
is also expeted in nanotube ropes.
30
Furthermore,
Aharonov-Bohm experiments
5
indiate that urrent only
ows in the outer tube in a MWCNT. Another ex-
periment by Collins et al.
31
supports this piture and
nds no leakage between the shells in the low-bias
limit. This is onluded by removing the shells in a
MWCNT one by one and measuring the gate voltage
response of the remaining MWCNT after eah shell re-
moval. Other shell removing experiments has also been
reported.
32,33,34,35
Furthermore, Cumings et al.
36
have
demonstrated relative motion between the inner and
outer shells in a MWCNT indiating that the shell are
weakly oupled by van der Waals fores. In addition
to Yoon et al.
29
also other theoretial papers have alu-
lated the intershell resistane using tunnelling as the only
mehanism.
37,38,39,40,41,42,43,44,45
For example Rohe et
al.
37,38,39
have onsidered the time evolution of a wave
paket initially on the outer tube in a disorder-free
MWCNT inluding tunnelling in a tight-binding approxi-
mation. This is not in ontrast to [29℄ due to the loaliza-
tion of the wave paket of Refs. [37,38,39℄
29
. Using den-
sity funtional theory (DFT), Hansson et al.
41
onsider
onentri armhair tubes and nd no essential hange
in the ondutane steps for a ballisti MWCNT, when
the intershell tunnelling is turned on and o. Ref. [42,43℄
also model intershell tunnelling by DFT. Very reently,
experiments with a MWCNT with 11 ontats on the
outer tube, where a urrent is driven though some of the
tube and a voltage drop is measured elsewhere on the
tube, have been published.
46
Using a transmission line
model, information about the intershell ondutane is
dedued.
In the present paper, we approah the intershell resis-
tane in a MWCNT from a dierent point of view: We
onsider the intershell resistane R21 from the eletron-
eletron (e−e) interation between the shells negleting
tunnelling, i.e. in a Coulomb drag onguration. In gen-
eral, Coulomb drag
47,48
means that moving harges in
one subsystem (the drive subsystem) exhange momen-
tum (and other quantum numbers) with arriers in a
nearby subsystem (the probe or drag subsystem) thus
exerting a drag fore on the probe, induing a urrent, or
a voltage, in the probe (see Fig. 1). Here the intershell
or transresistane R21 = V2/I1 is found as a funtion
of gate voltage (i.e. Fermi level ε
F
) and temperature T ,
varying the hirality of the inner and outer tubes. One
the hiralities of the tubes are hosen, our theory has
no remaining free parameters. Coulomb drag is a unique
transport measurement in the sense that the R21 is domi-
nated by the intershell Coulomb interation.
49
Therefore
serious attention to the intershell Coulomb matrix ele-
ment and the use of proper Bloh states of the individual
tubes is neessary. As will be seen below, the eets of
inluding the band struture (and the underlying symme-
tries of the onstituent nanotubes) are absolutely ruial,
leading to orders-of-magnitude hanges in the intershell
resistane, oasionally also reversing its sign. Further-
more, the present work also gives a new soure of frition
against relative motion of onentri tubes, whih ould
be onsidered in the ontext of using MWCNT as GHz
nano-mehanial osillators.
50
A diret measurement of the intershell resistane in a
Coulomb drag setup (ig. 1) requires independent ontats
on an inner and an outer tube, a diult but possible
tehnologial ahievement
51
in the light of the resent shell
removal experiments.
31,32,33,34,35
As a model, we onsider
two shells, but our onsiderations an be extended for
many shells. Also, a diret growth of double wall tubes
seems feasible.
52
Coulomb drag has been an extremely suess-
ful tool in studying interations in oupled quan-
tum wells
53,54,55,56,57,58
(notably in the quantum Hall
regimes
53,59
), and indeed it was realized very early that
Coulomb drag between Luttinger liquids would be an
important objet to study
60,61,62,63,64,65,66
These stud-
ies foused on Coulomb drag on either rossed or adja-
ent subsystems, and used very simple models for the
Coulomb interation. Several interesting theoretial pre-
ditions emerged from these papers, some of whih may
have been onrmed experimentally.
67
We work in the
Fermi-liquid framework using Boltzmann equations. We
think that it is important to establish a lear piture of
what one expets within this simple model before turning
to strongly interating theories. Note that our approah
also gives valuable information about drag between par-
allel tubes.
C. Nanotube Coulomb drag - qualitative features
of the theory
As explained in detail in subsequent setions, the
transresistane or intershell resistane R21 is omputed
from the expression
R21 ∝
∫ ∑
(SR)2|V12|2A(T )F (1)F (2), (1)
where the integration is taken over transferred momen-
tum and energy in the intershell interation, and the
summation inludes all involved bands and other quan-
tum numbers required to speify the states. A(T ) is a
thermal fator, V12 is the sreened intershell Coulomb
interation, and the F -funtions for the two subsystems
aount for the available phase-spae for eletroni sat-
tering. Of ruial importane is the fator SR aount-
ing for the seletion rules (or rather suppression rules)
3FIG. 2: The two ategories of metalli nanotubes: Armhair-like
(AL, left) and zigzag-like (ZL, right). The AL bands near ε
F
= 0
have zero rystal angular momentum m = 0 and Π = ±1, where
k0 ≡
2pi
3|T| . The ZL tubes have doubly degenerate bands rossing
ε
F
= 0, i.e. for eah ξ = ±1 we have either ma =
2n+m
3
(mod n)
or mb =
2m+n
3
(mod n), where ma 6= mb, (n = gcd(n,m)). The
thin lines are the tight-binding bands near ε
F
= 0 for a (n, n) tube
(with |T| = a) and a (3m, 0) tube.
stemming from the intershell Coulomb matrix element
between the Bloh states. (In the nal formula some SR
is inorporated into the F -funtions). As known from
experimental
15
and theoretial
68,69,70
studies, baksat-
tering between the linear bands in metalli tubes by im-
purities with slowly varying potentials are strongly sup-
pressed leading to very long mean free paths. The se-
letion rules for intershell Coulomb interation lead to a
similar suppression, whih depends strongly on the inner
and outer tubes' hirality. A detailed analysis of these ef-
fets is one of the entral tasks of the present artile. The
struture of Eq. (1) is muh riher than its ounterparts'
for oupled quantum wells due to the rather ompliated
band struture ombinations of the various MWCNT's.
II. CARBON NANOTUBE BAND STRUCTURE
In appendix A, we give a detailed aount for the band
struture of a SWCNT with hirality (n,m), sine it
turns out to be of ruial importane to the intershell
Coulomb matrix element and thereby also for the drag.
Here we only outline the important points of the band
struture used later.
The arbon nanotube band struture an be found by
applying periodi boundary onditions to the band stru-
ture of a single graphite layer (graphene). Graphene has
two atoms in the primitive unit ell, so the tight-binding
state (or Wannier deomposition) have two omponents
with weights α and β (see Eq. (A.5)). When applying the
periodi boundary ondition the wave vetor omponent
around the tube kc beomes quantized into a disrete
values, kc =
2π
|C|nc. However, it is important to realize
that nc is not the rystal angular momentum m stem-
ming from the rotation symmetry, but only related to it
by nc = m (mod n). (Here C is the hiral vetor and n is
the greatest ommon divisor of (n,m), n = gcd(n,m)).
This is due to the non-primitive (large) nanotube unit
ell, when using translational symmetry instead of heli-
al symmetry.
71,72
Linearizing the tight-binding band struture around
the Fermi level ε
F
= 0 the states and bands for metalli
tubes near ε
F
beome
εξ
K
T
= ξℏv0KT and (2)(
α
β
)
ξ,ς
=
1√
2
(
−ξ i(m−n)−ς
√
3(n+m)
2
√
n2+m2+mn
1
)
, (3)
where KT is the wave vetor along the tube measured
from the point, where the band rosses ε
F
= 0,(KT = k−
kε
F
=0), ξ = ±1 is the sign of the veloity in the band and
ς = ±1 desribes whih Kς point of graphene the linear
band originate from. Here v0 =
√
3γ0a
2ℏ with γ0 ≃ 3eV and
a ≡ √3a
 
(a
 
= 0.142nm). The metalli states an
thus desribed by (k, ξ, ς). Using this, we an lassify all
metalli tubes into two ategories: zigzag-like (ZL) and
armhair-like (AL) tubes, with the following bands near
the Fermi level (shown on Fig. 2):
Zigzag-like: εξkm = ξℏv0k, m ∈ {ma,mb} (4)
Armhair-like: εΠk = −Πℏv0(|k| − k0), (m = 0). (5)
Here k ∈] − π|T| , π|T| ] is the wave vetor along the tube,
k0 =
2π
3|T| and T is the translational vetor generating the
translational symmetry. Note that two dierent tubes
an have dierent |T| even though they belong to the
same ategory. Π = ±1 originates from ξ, but does not
give the sign of the veloity, and for a (n, n) tube Π is the
parity in the ylindrial angle.
73,74
The linearity of the
bands near the Fermi level is, of ourse, well known, but
it is important to reognize the entirely dierent angu-
lar momentum quantum numbers m that haraterize the
AL and ZL bands rossing the Fermi level. Speially,
for AL tubes it always holds that m = 0, while for the ZL
tube one has ma =
2n+m
3 (mod n) or mb =
2m+n
3 (mod n)
(note that ma 6= mb and ma, mb are never zero). There
is a one-to-one orrespondene between ς = ±1 and the
rystal angular momentum of the linear bands. We note
that the most ommonly studied metalli zigzag and arm-
hair tubes, with indies (3n, 0) and (n, n), are of ourse
speial ases of ZL and AL tubes, respetively.
III. INTERSHELL COULOMB INTERACTION
We next onsider the Coulomb interation between
Bloh states |knc〉 for eletrons in dierent shells in a
MWCNT. Before alulating the Coulomb matrix ele-
ment involving produts
75
of Bloh states it is useful to
onsider the less ompliated problem of the impurity
matrix element 〈k′n′c|V (r)|knc〉. The essential assump-
tion that we use in alulating both the impurity and
Coulomb matrix element is that the potential is slowly
varying on the sale of the interatomi distane a
 
. In
the ase of impurity sattering this is a fair assumption
4for an impurity held on the tube by Van der Waals fores
as is often the ase.
76,77
For Coulomb interation between
dierent shells it is also a good assumption, sine the
eletrons do not get lose enough to experiene the 1/r
singularity.
The impurity matrix element 〈k′|V (r)|k〉 between the
two omponent Bloh states ψk(r) Eq. (A.5) (before ap-
plying periodi boundary onditions) is
〈k′|V (r)|k〉 = 1
N
∑
R,R′
e−ik
′·R′+ik·R
×
[
α∗k′αk
∫
drΨ∗(r−R′)V (r)Ψ(r−R)
+ α∗k′βk
∫
drΨ∗(r−R′)V (r)Ψ(r −R− d)
+ β∗
k′
αk
∫
drΨ∗(r−R′ − d)V (r)Ψ(r−R)
+ β∗
k′
βk
∫
drΨ∗(r−R′ − d)V (r)Ψ(r−R− d)
]
. (6)
By using the assumption of slow variation of V (r) we an
take the potential outside the integrals. The rst and last
term in the square braket beome δR′,RV (R)(α
∗
k′
αk +
β∗
k′
βk) and the seond and third term are found (inlud-
ing a sum) by summing over the nearest neighbors to
be ∝ s0
(
α∗
k′
βkΥ(k
′) + αkβ∗k′Υ
∗(k)
)
. Eq. (A.7) denes
Υ(k). Introduing the Fourier transform of the potential
V (k) and the reiproal lattie vetor G we nd:
〈k′|V (r)|k〉 = g(k,k′) 1A
∑
G
V (k′ − k+G), (7)
where A is the surfae area and the g-fator is
g(k,k′) ≡ αkα∗k′ + βkβ∗k′
+ s0
(
α∗k′βkΥ(k
′) + αkβ∗k′Υ
∗(k)
)
, (8)
i.e. the matrix element is essentially the plane wave result
times a band struture fator, whih we will refer to as
the g-fator.
To obtain the matrix element for the sreened
Coulomb interation V (r1, r2) (suppressing the fre-
queny argument ω in the notation) we note that
〈k′1k′2|V (r1, r2)|k1k2〉 = 〈k′2|〈k′1|V (r1, r2)|k1〉|k2〉,
where i = 1, 2 labels the outer/inner tube, respetively.
Therefore we an use the impurity potential result
Eq. (7) to obtain:
〈k′1k′2|V (r1, r2)|k1k2〉 = g1(k1,k′1)g2(k2,k′2)
× 1A1A2
∑
G1,G2
V (k′1 − k1 +G1,k′2 − k2 +G2), (9)
where we have a g-fator for eah system and the sreened
potential is Fourier transformed separately in both r1 and
r2.
For a (n2,m2) tube inside a (n1,m1) tube the sreened
Coulomb matrix element is found using ylindrial oor-
dinates r = (r, θ, z) to be
〈k′1n′c1k′2n′c2 |V (r1, r2)|k1nc1k2nc2〉 =
1
(2πL)2
g1(k1nc1 , k
′
1n
′
c1
)g2(k2nc2 , k
′
2n
′
c2
)
×
∑
G1,G2
∑
u1,u2∈Z
V (k′1 − k1 +G1,m′1 −m1 + n1u1, k′2 − k2 +G2,m′2 −m2 + n2u2, r1, r2), (10)
where L is the length of tubes, ni = gcd(ni,mi), Gi =
2π
|Ti|s (s ∈ Z), ri is the radius78 of tube i.
We will also need the unsreened Coulomb matrix ele-
ment V 0, whih is a funtion of the interpartile distane
|r1−r2|, i.e. a funtion of z1−z2, θ1−θ2, r1 and r2, so we
Fourier transform in the dierenes z1 − z2 and θ1 − θ2.
Therefore the matrix element is:
〈k′1n′c1k′2n′c2 |V 0(|r1 − r2|)|k1nc1k2nc2〉 =
1
2πL
g1(k1nc1 , k
′
1n
′
c1
)g2(k2nc2 , k
′
2n
′
c2
)∑
G1,G2
∑
u1,u2∈Z
V 0(k′1 − k1 +G1,m′1 −m1 + n1u1, r1, r2)
× δk
1
+k
2
,k′
1
+k′
2
+G
1
+G
2
δm′
1
+m′
2
+n
1
u
1
,m
1
+m
2
+n
2
u
2
. (11)
Note that the ± in the states Eq. (A.11) (the ξ index for
metalli states Eq. (2-3)) is suppressed in the notation
and that this index only appears in the g-fators in both
5Eq. (10) and Eq. (11). Here we have used the rystal
angular momentum dierene in the Fourier transforms
instead of the nc dierene, sine this is the physial
(rystal) angular momentum being transferred.
79
Note
that we have inluded Umklapp sattering and that the
unsreened interation Eq. (11) has rystal (angular) mo-
mentum onservation. Similar matrix element were on-
sidered by S. Uryu.
44
A. The g-fator and baksattering in metalli
tubes
We now onsider the g-fators and show that they on-
tain essential information about the eletroni sattering.
The g-fator for any (n,m) metalli tube for the sat-
tering proess (k, ξ, ς) → (k′, ξ′, ς ′) between the metal-
li states Eq. (3) is found by inserting Eq. (A.10) (with
K = KT
T
|T| ) and Eq. (3) into Eq. (8):
g(k,ς, ξ; k′, ς ′, ξ′) =
1
2
(ξξ′fn,m,ς,ς′ + 1)− s0
√
3a(ξ′K′T + ξKT )
4
, (12)
where we introdued
fn,m,ς,ς′ = δς,ς′ − n
2 +m2 + 4mn
2(n2 +m2 +mn)
(1 − δς,ς′)
+ i
√
3ς(m2 − n2)
2(n2 +m2 +mn)
(1− δς,ς′). (13)
The g-fator in Eq. (12) has two terms: The rst paren-
theses is the important wave vetor independent salar-
produt of
(
α
β
)
from Eq. (3) and the seond term is a
wave vetor dependent orretion term (of rst order in
s0 ∼ 0.1).
As we shall show in setion IV, only baksattering
ontributes to the Coulomb drag in metalli tubes and
we therefore need to onsider all possible baksattering
proesses (ξ = −ξ′) in any metalli tube.
Due to the double degeneray of the zigzag-like bands
Eq. (4) at the Fermi level, we must onsider baksatter-
ing both with and without rystal momentum exhange
(Fig. 3, enter and left panels, respetively).
If ς = ς ′ then ∆m ≡ m′ −m = 0 and from Eq. (12) we
have
|g(k, ς, ξ; k′, ς,−ξ)| = s0
√
3a|k′ − k|
4
, (14)
whih is of order 10−2 or less for sattering around the
Fermi level, i.e. for |k′ − k| ≃ 2|εF|
ℏv0
the g-fator is |g| =
s0
|ε
F
|
γ0
. 10−2 for |ε
F
| . 0.3eV. If ς = −ς ′ then |∆m| =
|ma − mb| 6= 0 and for baksattering around the Fermi
FIG. 3: The possible baksattering proesses in any metalli tube
with a slightly raised Fermi level ε
F
. (Left): Baksattering in a
zigzag-like tube without rystal angular momentum hange ∆m= 0
(i.e. ς = ς′) and a small wave vetor |k′ − k| ∼ 2εF
ℏv0
hange, whih
is suppressed by g . 10−2 from Eq. (14). (Center): Baksattering
in a zigzag-like tube with rystal angular momentum hange, whih
have g ∼ 1 from Eq. (15). Here m denotes the opposite of m in the
set {ma,mb}. (Right): Two types of baksattering in armhair-
like tubes: (i) A large wave vetor transfer (for ς = −ς′) in between
states with the same rystal angular momentum (m= 0) and g ∼ 1
(Eq. (15)) and (ii) A small wave vetor transfer q ≃
2ε
F
ℏv0
suppressed
by g . 10−2. Note that the distane between the points ± 2pi
3|T| are
not to sale (i.e.
2ε
F
ℏv0
≪ 4pi
3|T| ) and that the armhair-like bands are
onneted as in Fig. 2.
level the g-fator squared is:80
|gε∼ε
F
|2 ≃ 1
4
(
1 +
n2 +m2 + 4mn
2(n2 +m2 +mn)
)2
+
3
16
(
m2 − n2
n2 +m2 +mn
)2
, (15)
whih is
3
4 for (n, 0), 1 for (n, n) and in between for
all other tubes. So in a zigzag-like tube we have two
kinds of baksattering with small rystal wave vetor ex-
hange q ∼ 2εF
ℏv0
(and thereby large V (q,∆m)): Either
∆m = 0 and |g| . 10−2 or ∆m 6= 0 and |g| ∼ 1.
Note that the larger the ∆m the smaller V (q,∆m).Even
though V (q,∆m) is large the small g-fator suppresses
the ∆m = 0 baksattering.
Consider now armhair-like tubes where the bands
rossing ε
F
= 0 all have m = 0, so the small rystal
wave vetor transfer around ± 2π3|T| have ς = ς ′ and there-
fore the g fator is the same as in Eq. (14), i.e. |g| . 10−2
suppresses this kind of baksattering (Fig. 3(right)). If
we on the other hand have a large rystal wave vetor
transfer baksattering (Fig. 3(right)), then ς = −ς ′ and
the g-fator of order 1 from Eq. (15) is used. So the
large rystal wave vetor baksattering is most impor-
tant, sine the Fourier transform does not grow enough
to ompensate for the small g-fator.
Ando et al.
68,69
have used the k · p approximation
to onsider baksattering (from impurities) in metalli
tubes and found a result similar to Eq. (8), but without
the s0 term. The small wave vetor transfer baksat-
tering was found to be small in these papers. Klesse
70
has found similar results for sattering in nanotubes,
see also [15℄ for some experimental evidene of lak of
baksattering in metalli tubes ompared to semion-
6duting ones.
B. Sreening eets using RPA
In appendix B, we derive the sreened Coulomb inter-
ation in the random phase approximation (RPA) inlud-
ing the arbon nanotube band struture with the result:
〈k′1m′1ξ′1, k′2m′2ξ′2|V (r1, r2, ω)|k1m1ξ1, k2m2ξ2〉 =
1
2πL
g1(k1ς1ξ1, k
′
1ς
′
1ξ
′
1)g2(k2ς2ξ2, k
′
2ς
′
2ξ
′
2)
×
∑
G1,G2
∑
u1,u2
V 0(k′1 − k1 +G1,m′1 −m1 + n1u1, r1, r2)
ǫ12(k′1 − k1,m′1 −m1, ω)
δk
1
+k
2
,k′
1
+k′
2
+G
1
+G
2
δm′
1
+m′
2
+n
1
u
1
,m
1
+m
2
+n
2
u
2
(16)
where ǫ12(q,∆m, ω) is the dieletri funtion disregard-
ing the Umklapp proesses (see Eq. (B.10)). Note that
the eetive non-interating polarization χ0
e,i(q,∆m, ω)
Eq. (B.8) entering the dieletri funtion ontains the g-
fators. For armhair-like tubes χ0
e,i(q,∆m, ω) is given
expliitly in Eq. (B.12) and Eq. (B.13). The bare
Coulomb interation for ylindrial geometry is
V 0(q,∆m, ri, rj) =
e2
ǫ0
I∆m(qri)K∆m(qrj) ri ≤ rj , (17)
where I∆m(x) (K∆m(x)) is the modied Bessel's fun-
tions of the rst (seond) kind of order ∆m and ǫ0 is the
vauum permittivity.
IV. THE TRANSRESISTANCE MODEL
The transresistane R21 is now found for diu-
sive nanotubes using two oupled Boltzmann equations
(i.e. Fermi liquid theory) in linear response to the applied
eletri eld E1 and for weak oupling between the tubes.
The derivation is a generalization of ref. [55,81,82,83℄
(used to study bilayer systems) to the ase of several
general bands. We only sketh the derivation and the
details an be found in Chap.3 of Ref. [80℄. In order to
simplify the notation we use ν as a olletion of band
indies for the tube. A similar formula of R21 an also
be found using the Kubo formula and doing perturbation
theory to seond order in the intertube interation (the
rst order DC ontribution is zero).
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The oupled linearized Boltzmann equations for the
non-equilibrium distribution funtions fi(ki, νi) (i = 1, 2
see Fig. 1) are:
e1E1
~
∂f0(εk
1
ν
1
)
∂k1
= −f1(k1, ν1)− f
0(εk
1
ν
1
)
τ1
(18)
e2E2
~
∂f0(εk
2
ν
2
)
∂k2
= −f2(k2, ν2)− f
0(εk
2
ν
2
)
τ2
+ S[f1, f2 = f
0](k2, ν2) (19)
where a simple relaxation time approximation is used for
the impurity sattering
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, ei is the arrier harge in sub-
system i and S[f1, f2 = f
0] is the linearized ollision inte-
gral oupling the two subsystems/tubes. The assumption
of weak intertube interation and small external eletri
eld E1 were used to linearize the equations and to only
inlude the lowest order terms and therefore not have
a ollision integral on Eq. (18). The linearized ollision
integral is (using the H-theorem85):
S[f1, f2 = f
0](k2, ν2) = (20)
−
∑
σ
1
σ′
1
σ′
2
∑
ν
1
ν′
1
ν′
2
∑
k
1
,k′
1
,k′
2
∈FBZ
w(1′2′; 12)f0(εk
1
ν
1
)f0(εk
2
ν
2
)
×(1− f0(εk′
1
ν′
1
)
) (
1− f0(εk′
2
ν′
2
)
)
[ψ1(k1, ν1)− ψ1(k′1, ν′1)]
where the deviation from equilibrium ψi(k, ν) was dened
though fi(k, ν)− f0(εkν) ≡ f0(εkν)(1− f0(εkν))ψi(k, ν)
and w(1′2′; 12) is the transition rate for eletron-eletron
sattering between the tubes found from the Fer-
mis golden rule w(1′2′; 12) = 2π
ℏ
|〈k′1ν′1k′2ν′2|V12(|r1 −
r2|)|k1ν1k2ν2〉|2δ(εk1ν1 + εk2ν2 − εk′1ν′1 − εk′2ν′2) using the
matrix element in Eq. (16). To derive the transresistane
R21 =
V2
I1
, we use the oupled Boltzmann equations (18)
and (19) with (20) and that I2 = 0, sine a voltmeter is
plaed on subsystem 2.
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After some algebra
80
we get:
R21 =
ℏ
2
πe1e2n1n2k
B
T
L
(2π)2r1r2
∑
G
1
G
2
δG
1
,G
2
× 1
(2π)2
∑
ν
1
ν′
1
ν
2
ν′
2
|J (ν1ν′1, ν2ν′2)|2
×
∫ ∞
0
dq
2π
∫ ∞
0
dω
V12(q, ν1, ν
′
1, ω)V
∗
12(q +G1, ν1, ν
′
1, ω)
sinh2
(
ℏω
2k
B
T
)
× F (1)
ν
1
ν′
1
(q, ω)F
(2)
ν
2
ν′
2
(q, ω), (21)
where ni is the arrier density, V12(q, ν1, ν
′
1, ω) =
V 0(q,∆m,r1,r2)
ǫ12(q,∆m,ω)
from Eq. (16), J (ν1ν′1, ν2ν′2) are the se-
letion rules for the band indies suh as rystal angular
7momentum and/or parity (for armhair tubes) onserva-
tion and F
(i)
νiν
′
i
(q, ω) is the available (q, ω)-phase spae for
sattering in the i:te tube given by
F
(i)
ν
i
ν′
i
(q, ω) = − eiτi
ℏ2µ
(i)
Tr
∑
ks
sign(vksνi − vks+qν′i ) (22)
× [f0(εksνi)− f0(εks+qν′i)] |gi(ksνi, ks + qν′i)|2,
where the ks are the solutions to εkνi − εk+qν′i − ℏω = 0
in the FBZ of subsystem i, vkν =
1
ℏ
∂εkν
∂k
is the veloity,
sign(x) gives the sign of x (if x = 0 then sign(x) = 0) and
µ
(i)
Tr is the transport mobility, whih is a single subsystem
property. Note that the F -funtion is periodi and odd
in q.
Having stated this formula a few omments and inter-
pretations are in order.
Firstly, we note that only baksattering proesses on-
tribute to the drag between metalli tubes in the linearized
band models Eq. (4) and Eq. (5), sine we only have two
veloities ±v0 = ±
√
3γ0a
2ℏ in the metalli bands and there-
fore the sign-funtion of the veloity dierene before
and after the sattering event in the F -funtion Eq. (22)
makes only baksattering (i.e. vksνi = −vks+qν′i) on-
tribute to the F -funtion. In setion III A we there-
fore analyzed the g-fators for all possible baksatter-
ing proesses in metalli tubes. The interation and
sinh−2
(
ℏω
2k
B
T
)
are dereasing funtions of q and ω, re-
spetively, so the importane of the phase spae (i.e. the
F -funtions) in the integral dereases from the origin. It
is worth to note that the forward sattering ontribu-
tion whih for quadrati dispersion relation dominates at
higher temperatures,
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thus plays no role here. If we in-
luded a urvature of the dispersion relation for the nan-
otubes, we would get a orretion to the results presented
here. However, there is one subtlety hidden in this, be-
ause if we onsider Coulomb drag between short tubes,
where the distribution funtions are not relaxed to the
Galilean invariant form assumed in [86℄, but is instead
given by a two-step distribution funtion, the forward
sattering does not ontribute to the Coulomb drag as
shown in [87℄.
Seondly, we have used a quantum number indepen-
dent impurity relaxation time τi for eah subsystem in
Eq. (18) and Eq. (19). The mobility µ
(i)
Tr an be shown
to be proportional to τi, i.e. µ
(i)
Tr ∝ τi, from a single sub-
system Boltzmann equation (like Eq. (18)). Therefore
the F -funtion Eq. (22) is τi independent, so the trans-
resistane R21 is independent of the impurity relaxation
times. So in the quasi-ballisti regime for large τi the
transresistane is still formally orret. However, there
has been some work on drag between ballisti 1D systems
with free eletron like bands using Boltzmann equations,
where almost idential transresistane formula is found.
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As a last omment, we note that Umklapp sattering
is only possible if the tubes are ommensurable due to
the δG1,G2 funtion in Eq. (21) as also found in ref. [82℄.
FIG. 4: The transresistane per length
R21
L
(in Ω/µm) as a fun-
tion of the Fermi level ε
F
(in eV) (e.g. a gate voltage). The tem-
perature is: T = 80K (dotted), T = 150K (dashed) and T = 300K
(full line). The dip in R21 at ε
F
= 0 reets the eletron-hole
symmetry at this point. (Inset): A sketh of the situation for mis-
aligned Fermi levels (see text).
V. ELECTRON-HOLE SYMMETRY AND
COULOMB DRAG
All nanotubes have an inherited eletron-hole symme-
try from the graphene band struture for ε
F
= 0, whih
intuitively means that there are as many eletrons as
holes for ε
F
= 0 (for the preise denition see [89℄; for a
reent measurement of eletron-hole symmetry see [13℄).
So there will be an equal amount of momentum trans-
fer to (from) the eletrons and holes and therefore no
voltage dierene will arise, i.e. R21 = 0, if one of the
subsystems has eletron-hole symmetry. Formally, the
F -funtion an be seen to vanish at eletron-hole sym-
metry by using f0−µ(ε) = 1 − f0µ(−ε) (after doing the
sum over the band indies), where µ is the hemial po-
tential. This has also been used to show how R21 an
hange sign.
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Therefore, we predit that by varying the Fermi lev-
els (either by gate voltage or doping) a dip (or peak) in
R21 will appear due to the eletron-hole symmetry for all
kinds of tube ombinations. For two onentri armhair
tubes ((5, 5) in (10, 10)) the transresistane as a funtion
of ε
F
is shown on Fig. 4 (the range of ε
F
is hosen to or-
respond to typial experiments
6,76,77,90,91,92
). Note that
we use the simpliation of having the same Fermi level
in the two tubes in the numerial alulation, but the sit-
uation for misaligned Fermi levels is skethed in the inset
of Fig. 4. As indiated in the inset, we have the following
senario for inreasing gate voltage for ε
(1)
F 6= ε(2)F : First
hole-hole (h−h) sattering, then one subsystem passes
eletron-hole symmetry, i.e. R21 = 0, afterwards e−h
sattering until the other subsystem also passes though
8the eletron-hole symmetry point. The details of the al-
ulation are given below in setion VIA.
VI. COULOMB DRAG BETWEEN METALLIC
TUBES
A. Drag between (real) armhair tubes
Let us begin by alulating the transresistane Eq. (21)
between two onentri real (i.e. (n, n)) armhair nan-
otubes, whih have |T| = a independent of n. The band
index ν is in this ase the index Π = ±1 from Eq. (5).
To nd the F
(i)
ΠΠ′(q, ω) funtions Eq. (22) we need the
solutions of εΠk − εΠ
′
k+q − ℏω = 0 with the bands Eq. (5)
and remembering that εΠk should be made
2π
|Ti| periodi
by hand (in order to nd two solutions and not only one).
The sign funtion only gives baksattering, whih is ex-
pressed by step funtions. For intraband baksatter-
ing Π′ = Π we have g ≃ 1 (Eq. (15)) and for inter-
band baksattering Π′ = −Π we have |g|2 = s20 3(aq)
2
16
(Eq. (14)) as found in setion III A. Therefore the F -
funtions are
80
for 0 < q ≤ π|Ti| :
F
(i)
−−(q, ω) = −C(i)F θ(−ω + v0q) (23)
×
[
−
(
f0(ε1)− f0
(
− ε2 − 1
2
k0ℏv0
))
+
(
f0(ε2)− f0
(
− ε1 − 1
2
k0ℏv0
))]
with ε1 =
ℏ
2 (ω+v0q−2v0k0) and ε2 = ℏ2 (ω−v0q+v0k0),
F
(i)
++(q, ω) = −C(i)F θ(−ω + v0q) (24)
×
[
−
(
f0(ε˜1)− f0
(
− ε˜2 + 1
2
ℏv0k0
))
+
(
f0(ε˜2)− f0
(
− ε˜1 + 1
2
ℏv0k0
))]
with ε˜1 =
ℏ
2 (ω+v0q−v0k0) and ε˜2 = ℏ2 (ω−v0q+2v0k0),
F
(i)
+−(q, ω) = −C(i)F s20
3(qa)2
16
θ(ω − v0q + v0k0) (25)
× θ(−ω − v0q + 2v0k0)
×
[
− (f0(ε′1)− f0(−ε′2))+ (f0(ε′2)− f0(−ε′1))
]
and
F
(i)
−+(q, ω) = −C(i)F s20
3(qa)2
16
θ(−ω − v0q + v0k0) (26)
×
[
− (f0(ε′1)− f0(−ε′2))+ (f0(ε′2)− f0(−ε′1))
]
,
where ε′1 =
ℏ
2 (ω+ v0q) and ε
′
2 =
ℏ
2 (ω− v0q) and we have
alulated the ommon single subsystem prefator
C
(i)
F ≡
e˜iτi
ℏ2µ
(i)
Tr
=
2ε
F
+ ℏv0
π
|Ti|
2(ℏv0)2
. (27)
FIG. 5: Contour plot of the F funtions for the intraband satter-
ing for 0 < q < pi|T| , εF > 0 and the temperature T = 0.1TF. Note
the smearing by the Fermi funtions due to the temperature on
some edges and the sharp edge at ω = v0q from the step funtion
θ(−ω + v0q).
It is important to note that the interband F -funtions,
F+− and F−+, are heavily suppressed ompared to the in-
traband F -funtions (shown in Fig. 5) by |g|2 = s20 3(aq)
2
16
of order . 10−4 for baksattering around the Fermi
level. Therefore, inluding the tight-binding states in
the Coulomb matrix element and not just in the avail-
able phase spae for sattering as in Ref. [93℄ is a very
important eet.
In real armhair tubes the Π index is a parity index in
the ylindrial oordinate
73,74
and therefore the Coulomb
matrix element has the property:
〈k′1Π′1k′2Π′2|V (r1, r2|)|k1Π1k2Π2〉 =
Π′1Π
′
2Π1Π2〈k′1Π′1k′2Π′2|V (r1, r2|)|k1Π1k2Π2〉, (28)
i.e. the produt of the parity is onserved in the intera-
tion. Sine both Π = ±1 have m = 0 there is no angu-
lar momentum seletion rule, so the only seletion rule
J in Eq. (21) is J (Π1,Π′1,Π2,Π′2) = δΠ1Π2,Π′1Π′2 , whih
redues the number of terms by a fator of two. Sine
V (q,∆m) is parity independent in Eq. (21), then the sum
over band indies for |T1| = |T2| is:∑
Π
1
Π
2
Π′
1
Π′
2
FΠ
1
Π′
1
FΠ
2
Π′
2
δΠ
1
Π
2
,Π′
1
Π′
2
= (29)
(
F++ + F−−
)2
+
(
F+− + F+−
)2 ≡ (Fintra)2 + (Finter)2,
whih denes the inter and intraband F funtions.
(Finter)
2
is of fourth order in s0q and therefore strongly
suppressed ompared to Fintra even though Finter has
phase spae for smaller q and ω. Fintra(q, ω) is shown
on Fig. 6.
We now have all the ingredients of the transresistane
R21:
R21
L
=
ℏ
2
πe2n1n2k
B
T
1
2πr1r2
∫ ∞
0
dq
2π
∫ ∞
0
dω
|V12(q, 0, ω)|2
sinh2
(
ℏω
2k
B
T
)
× [(Fintra(q, ω))2 + (Finter(q, ω))2]. (30)
A numerial integration yields R21 as a funtion of ε
F
and the temperature T , shown on Figs. 4 and 7, respe-
tively. The transresistane per length
R21
L
is of the order
9FIG. 6: Contour plot of the
Fintra funtion. Fintra gives
the phase spae for intraband
sattering in (real) armhair
tubes. Fintra is seen for 0 <
q < pi
a
and is odd in q and
should be repeated periodi-
ally with
2pi
a
as a funtion of
q.
FIG. 7: The transresistane per length
R21
L
(in units of Ω/µm)
versus temperature T (or T/T
F
(left)). The urves are obtained
from a numerial integration of eq.(30) for a (5, 5) in a (10, 10)
tube. Curves for four dierent Fermi levels ε
F
(i.e. gate voltages
or dopings) are seen: ε
F
= 0.006eV (T
F
= 69K) (left, dashed
line), ε
F
= 0.015eV (T
F
= 174K) (left, full line), ε
F
= 0.15eV
(T
F
= 1740K) (right, dashed line) and ε
F
= 0.3eV (right, full line).
Note the dierene in magnitude between the transresistanes R21.
a few Ω/µm. R21 is seen to be linear in T for T . 0.4TF
as also found for free eletron like bands.
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For higher
temperatures the transresistane inreases or dereases
depending on the Fermi level. Numerially, we nd a
fator of 106 dierene between the ontribution to R21
from F
inter
and F
intra
, so we an onlude that the drag is
due to the intraband baksattering proesses. The largest
ontribution to the integral is around q = k0 ± 2εFℏv0 (see
Fig. 6), whih orresponds to Umklapp sattering pro-
esses around the Fermi level, e.g. k = k0 − εFℏv0 and
k′ = −k0 + εFℏv0 so q = k′ − k + 2π|Ti| = k0 +
2ε
F
ℏv0
.
Note that sreening indued by the substrate ould
hange the magnitude of the transresistane a small
amount, whih ould be modelled
20
by introduing a new
dieletri onstant κ = ǫrǫ0 instead of ǫ0 in Eq. (B.15)
with ǫr about 1 to 3.
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For the present ase, the magni-
tude of R21 is hanged . 10%, when ǫr is inreased from
1 to 3.
The transresistane depends on the radii of the tubes
only via the bare Coulomb interation Eq. (B.15). Fig. 8
shows that R21 dereases exponentially (for n . 25) when
keeping the inner armhair tube at a xed radius and
inreasing the outer tube radius. For parallel 2DEG's R21
was found to depend on the separation d as55 R21 ∝ d4.
FIG. 8: The transresistane
per length
R21
L
versus radius
(r ∝ n) for armhair tubes.
The dierent outer and inner
armhair tubes are: A (5, 5)
in a (n, n) (dots), a (6, 6) in a
(n, n) (triangles) and a (9, 9) in
a (n, n) (stars). The radius of
the outer tube is: r =
√
3a
2pi
n
for a (n, n) tube. Here T =
300K and ε
F
= 0.3eV is used.
Note the logarithmi sale.
B. Drag between armhair-like tubes
For two general armhair-like tubes, we do not have a
parity seletion rule and in general |T1| 6= |T2| as seen
in Table I. Therefore we have no seletion rules, but all
other terms than F
(1)
ΠΠF
(2)
Π′Π′ are of higher order in (s0q)
2
and therefore small, i.e.∑
Π
1
Π
2
Π′
1
Π′
2
F
(2)
Π
1
Π′
1
F
(2)
Π
2
Π′
2
≃ (31)
F
(1)
++F
(2)
++ + F
(1)
−−F
(2)
−− + F
(1)
++F
(2)
−− + F
(1)
−−F
(2)
++ +O
(
(s0q)
2
)
as for the (real) armhair tube ase Eq. (29). The F
(i)
−−
and F
(i)
++ are the same as found in setion VIA and shown
in Fig. 5 exept that a is replaed by |Ti| (but not in the
g-fator).
Sine |T1| and |T2| are dierent (in general), it is
harder to onserve (rystal) momentum near the Fermi
level for the dominant baksattering proess with mo-
mentum transfer q ≃ k(i)0 ± 2εFℏv0 with k
(i)
0 =
2π
3|Ti| . How-
ever, for some values of |T1| and |T2| it is possible to
onserve momentum near the Fermi level, whih gives
rise to peaks in R21 e.g. at
|T1|
|T2| = 1 as seen in Fig. 9.
The peaks on both sides of
|T1|
|T2| = 1 are∣∣∣∣ |T2| − |T1||T1||T2|
∣∣∣∣ = 6εFπℏv0 (32)
orresponding to k
(1)
0 ± 2εFℏv0 = k
(2)
0 ∓ 2εFℏv0 (see inset (a)
in Fig. 9). These peaks have R21 < 0, sine they orre-
spond to a resonane between a eletron-like and a hole-
like baksattering in the sense that a hole-like (eletron-
like) baksattering takes plae in a hole-like (eletron-
like) band with sign(vk) = −sign(k) (sign(vk) = sign(k))
in the FBZ. The peaks around
|T1|
|T2| =
1
2 and 2 are found
in the same way by taking the baksattering proesses
q ≃ 2k(i)0 ± 2εFℏv0 into aount. If the radii of the tubes
are dierent, then the magnitude of R21 will hange (see
Fig. 8), but the signs and positions of the peaks are the
same. The peaks are broadened by inreasing tempera-
ture and the positions of the peaks depend on ε
F
as seen
e.g. from Eq. (32) (exept for
|T1|
|T2| =
1
2 , 1 and 2). The
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FIG. 9: The transresistane per length
R21
L
as a funtion of the
ratio of the translational vetors length |T1|/|T2| for two armhair-
like tubes. The peaks orresponding to dierent sattering pro-
esses are seen as explained in the text. Numerially, we use
|T2| = a, radii as for a (5, 5) in an (10, 10) tube, T = 300K and
ε
F
= 0.3eV. If the tubes have a dierent radius, only the magnitude
of the peak is hanged, see Fig. 8. (Inset (a)): The sattering pro-
esses in tube 1 and 2 leading to the peak at |T1|/|T2| ≃ 1.28. Note
that the baksattering proesses are eletron-like and hole-like, re-
spetively, so R21 < 0. (Inset (b)): Peaks around |T1|/|T2| = 1/2.
Note the dierene in sale.
situation of varying |T1| and |T2| is similar to varying
the densities in the parallel 2D systems.
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Note that if
we have a tube onguration orresponding to a nega-
tive dip in Fig. 9 (R21 < 0), then this tube onguration
will have a peak instead of a dip as a funtion of the gate
voltage.
Summarizing, Coulomb drag between armhair-like
tubes is strongly dependent on the magnitude of the
translational vetors |T1| and |T2| and an lead to both
negative and positive transresistane.
C. Drag between zigzag-like tubes
Consider the drag between two zigzag-like tubes, where
the ν index is ξ = ±1 and m ∈ {ma,mb} from Eq. (4).
The baksattering F -funtion, F
(i)
ξm,−ξm′ , has a form sim-
ilar to F
(i)
Π,−Π for armhair-like tubes (Eq. (25) and (26)),
where the important part is the baksattering around
the small q ≃ 2εF
ℏv0
. This baksattering an be both with
(∆m 6= 0) and without (∆m = 0) exhange of rystal
angular momentum with the g-fators
|g(∆m = 0)|2 ∝ (s0aq)2 and |g(∆m 6= 0)|2 ≃ 1 (33)
found in setion III A. Sine there is rystal angular mo-
mentum onservation
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it depends on the ombination of
the zigzag-like tubes (and their ma and mb) whether the
∆m 6= 0 baksattering is possible or not, so we have two
very dierent ases :
1. If ∆m 6= 0 is not possible, then only ∆m = 0
baksattering for q ≃ 2εF
ℏv0
is present, but this is strongly
suppressed by the small g-fator and so is the drag. So in
this ase the small wave vetor transfer forward satter-
ing (for non-linearized bands) ould beome important,
but in any ase the eet is small. An example is the
drag between two (real) metalli zigzag tubes (see table
I).
2. If ∆m 6= 0 is possible, then this proess is the domi-
nant, even though there is a small suppression (ompared
to the g-fator) from having∆m 6= 0 in the Fourier trans-
form V12(q,∆m, ω), whih is smaller the larger ∆m. An
example is a (12, 15) in a (15, 18), whih has an angular
momentum exhange of ∆m = ±1.
Furthermore, there are no peaks in R21 as a funtion of
|T1|
|T2| as for the armhair-like tubes, sine the transferred
rystal wave vetor q ≃ ± 2εF
ℏv0
is independent of |Ti|.
From the same priniples as used above, we nd the
drag between zigzag-like and armhair-like tubes to be
strongly suppressed.
VII. COMMENTS ON THE DRAG BETWEEN
SEMICONDUCTING TUBES
If the Fermi level for a semionduting tube is shifted
into the ondution (or valene) band, then the drag pro-
esses are within a single band (i.e. ∆m = 0) similar to
a quadrati band for small tubes, where there are few
bands with large separation. Here both the small q for-
ward sattering and the large q baksattering proesses
will ontribute to the drag. We an alulate the g fators
in the same way as for the metalli tubes and for intra-
band sattering they are of order one. However, the mag-
nitude of the baksattering momentum transfer around
the Fermi level has to be approximately the same in the
two tubes in order to satisfy momentum onservation. In
general, this is not the ase.
If we deal with larger tubes more bands an ome
into play and thereby more sattering possibilities ap-
pear than aptured in the single band quadrati model
(see ref. [70℄ for a disussion on sattering in larger
MWCNT's). This is also the ase of larger metalli
tubes. Coulomb drag in the quadrati model with more
bands (with dierent angular momentum along the tube)
for tubes of semionduting material are onsidered in
ref. [97℄.
VIII. SUMMARY
We have onsidered the intershell resistane R21 origi-
nating from the intershell Coulomb interation negleting
tunnelling, i.e. in a Coulomb drag onguration.
For any tube ombination we predit a dip or peak
in R21 as a funtion of gate voltage, whih should be
experimentally observable. The dip (or peak) is due to
11
the eletron-hole symmetry of the arbon nanotube band
struture. Whether R21 has a dip or peak depends on the
sign of R21, when both systems have Fermi levels above
the eletron-hole symmetry point.
The order of magnitude and sign of R21 were found
to depend ruially on the hirality and Fermi level mis-
mathing of the two tubes. The magnitude of R21 an
reah ∼ 50Ω/µm under favorable irumstanes. The
origin of the drasti hange in magnitude between dier-
ent hiralities is the suppressed baksattering due to the
Coulomb matrix element between Bloh states ombined
with the mismathing of wave vetor and rystal angu-
lar momentum onservation near the Fermi level. R21
was found to be linear in temperature for low temper-
atures (ompared to T
F
), just as for a single quadrati
band. To failitate the analysis, we lassied all metalli
tubes in two ategories: zigzag-like or armhair-like, and
desribed their rystal angular momentum properties.
Throughout the paper, we use Fermi liquid theory to
desribe the Coulomb drag in the MWCNT's, whih gives
a benhmark result for omparison to future experiments
and Luttinger liquid theories of drag in MWCNT's. The
eets onsidered in this paper should be helpful in inter-
preting future measurements of the intershell resistane.
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APPENDIX A: ENERGY BAND STRUCTURE
OF THE CARBON NANOTUBES
We will now give a rather detailed disussion of the
band struture of arbon nanotubes, sine the intershell
Coulomb interation matrix element turns out to depend
ritially on the Bloh states of the two tubes due to the
two atom primitive unit ell (of a graphite layer) as seen
in setion III.
The arbon nanotube lattie an be thought of as a
wrapping (i.e. a onformal mapping) of a graphite layer
into a tube. The wrapping is preformed suh that the
hiral vetor C = na1 +ma2 beomes the irumferen-
tial of the (n,m) nanotube and this determines the lattie
ompletely.
98,99
(Here a1 =
a
2 (
√
3,−1) and a2 = a2 (
√
3, 1)
are graphene lattie vetors and a = |ai| =
√
3a
 
,
where a
 
is the inter atomi distane).
Any (n,m) nanotube has three symmetries: A dis-
rete translational symmetry along the tube, a disrete
rotational symmetry around the tube axis and a heli-
al symmetry (i.e. a srew operation). These symmetries
give rise to the three orresponding quantum numbers: k
(rystal wave vetor along the tube), m (the rystal an-
gular momentum omponent along the tube) and κ (he-
lial quantum number). Only two of these symmetries
(quantum numbers) are needed to label the eigenstates,
sine the symmetries are not independent.
72
Convention-
ally translational symmetry is used to label the states,
but this does not use the smallest possible unit ell and
an therefore give many bands in the rst Brillouin zone
(FBZ) with the same angular momentum.
Any arbon nanotube an be generated from a primi-
tive two atom unit ell using only disrete rotations and
disrete srew operations and thereby giving (general-
ized) Bloh states |κm〉.71,72 The advantage of using this
method is that eah energy band (as a funtion of κ) has
its own rystal angular momentum m. The disrete rota-
tional symmetry is generated by the vetor Cn along C
giving the smallest possible rotation leaving the lattie
invariant, i.e.
Cn =
n
n
a1 +
m
n
a2, where n = gcd(n,m), (A.1)
i.e. n is the greatest ommon divisor of n and m. So
a given (n,m) tube has rystal angular momentum m ∈
{0, 1, . . . , n−1}. The disadvantage of using the symmetry
adapted Bloh states |κm〉 is that κ is in the diretion the
generator H of the helial symmetry, whih is general is
dierent for dierent hiral vetors.
If we instead use the (often muh) larger translational
unit ell the states an be labelled by k ∈] − π
T
, π
T
],
whereT generates the translational symmetry (the trans-
lational vetor) and is given by
100
T =
(2m+ n)a1 − (2n+m)a2
gcd(2m+ n, 2n+m)
. (A.2)
Sine we do not use the primitive unit ell in this ase,
but a larger translational unit ell, we get a smaller FBZ
and thereby more bands in the FBZ than there are rystal
angular momentum quantum numbers.
The onventional way to obtain the band struture for
a isolated singlewall (n,m) nanotube using the transla-
tional unit ell is to apply periodi boundary onditions
on the two dimensional graphene tight-binding state
101
ψk(r) along the irumferential C of the tube
98,99
, i.e.
ψk(r+C) = e
ik·Cψk(r) = ψk(r)⇒ k ·C = 2πnc, (A.3)
where nc is an integer in {0, 1, 2, . . . ,N − 1} with N =
2(n2+m2+nm)
gcd(2m+n,2n+m) ≥ n being the number of (two atomi)
graphene unit ells in a translational unit ell.
100
Thereby
the nc labels the bands (as a funtion of k) using the
translational unit ell. One disadvantage of using this
larger translational unit ell is, that nc is not the rys-
tal angular momentum, but only related to the atual
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FIG. 10: (Left): The m = 1 band for a (5, 5) tube in the FBZ of
the primitive unit ell as a funtion of κ ∈]− pi, pi]. (Center): The
m = 1 band is pushed into the smaller FBZ of the translational
unit ell by using κ = ka
2
+ ncpi
5
and that nc = 1 and nc = 6, sine
m= 1. Note that the band is symmetrial around pi
5
, sine m= 1.
(Right): The band struture for the translational unit ell. Both
bands have rystal angular momentum m = 1, but indies nc = 1
and nc = 6.
physial rystal angular momentum m by:
nc = m (mod n). (A.4)
Furthermore, we an onnet the desription of the band
struture using the primitive unit ell and the transla-
tional unit ell by κ = k ·H, i.e. κ depends on both k
and nc.
72
An example is given in Fig. 10.
To do a tight-binding alulation for graphene
101
it is
essential that the unit ell of graphene has two atoms,
so the tight-binding state (Wannier deomposition of the
eigenstate) has two omponents
102
:
ψk(r) =
1√
N
∑
R
eik·R(αkΨ(r−R) + βkΨ(r−R− d)),
(A.5)
where Ψ is a 2pz orbital (Wannier funtion) loalized at
eah atom, R = n1a1 + n2a2 (n1, n2 ∈ Z) are lattie
vetors, N is the number of unit ells in the layer, d =
1
3 (a1+a2) is the vetor between the two atoms in the unit
ell and αk, βk are funtions to be determined by the
tight-binding alulation. To nd the energy we insert
ψk(r) in Hψk(r) = εkψk(r) and obtain a 2 × 2 matrix
equation:(
H11 H12
H21 H22
)(
αk
βk
)
= εk
(
S11 S12
S21 S22
)(
αk
βk
)
, (A.6)
where Hij , Sij are the overlap integrals with and with-
out the Hamiltonian found in the nearest neighbor tight-
binding approximation to be:
H12 = −γ0
(
1 + e−ik·a1 + e−ik·a2
) ≡ −γ0Υ(k), (A.7)
S12 = s0Υ(k), Sii = 1 and Hii = ε0, (A.8)
where the value of the overlap integral is γ0 ≃ 3eV, the
overlap of the orbitals are
100 s0 ∼ 0.1 and ε0 is the energy
of the orbital, whih is set to zero. Here the onvention
γ0, s0 > 0 is used. In the literature a range of dierent
values is used (e.g. γ0 ≃ 2.5 − 3.1).103,104,105,106 By a
diagonalization of Eq. (A.6) we nd (for Υ(k) 6= 0):
ε±
k
= ±γ0|Υ(k)|,
(
αk
βk
)
±
=
1√
2
(
∓ Υ(k)|Υ(k)|
1
)
, (A.9)
Chirality Type ma mb n |T|/a D/a
(n, n) AL 0 0 n 1
√
3n
pi
(7, 4) AL 0 0 1
√
31
√
93
pi
(15, 6) AL 0 0 3
√
13 3
√
39
pi
(8, 23) AL 0 0 1
√
259
√
777
pi
(10, 25) AL 0 0 5
√
13 5
√
39
pi
(n, 0) ZL 2n
3
n
3
n
√
3 n
pi
(9, 6) ZL 2 1 3
√
57 3
√
19
pi
(6, 21) ZL 2 1 3
√
201 3
√
67
pi
(18, 12) ZL 4 2 6
√
57 6
√
19
pi
(12, 24) ZL 4 8 12
√
21 12
√
7
pi
TABLE I: Examples of armhair-like (AL) and zigzag-like
(ZL) metalli tubes, i.e. all kinds of metalli tubes. For the AL
tubes the dierene in the length of the translational vetor T
and the diameter D is seen and for the ZL tubes we note the
variety of the rystal angular momentumma =
2n+m
3
(mod n)
and mb =
2m+n
3
(mod n) of the bands rossing the Fermi level
(ε
F
= 0). Numerially, it turns out, that |ma − mb| = 1 for
most of the ZL tubes, but there are other ases suh as the
(12, 24) tube. Remember that n = gcd(n,m) and a = |ai|.
where we have negleted s0 in the energy (but not in the
eigenstate). By inserting k deomposed along the tube
(T) and around the tube (C): k = k T|T| + kc
C
|C| with
kc =
2π
|C|nc, one obtains the band struture for nanotube
labelled by k and nc. Essentially the same tight-binding
alulation an be done using only the helial and rota-
tional symmetry as in [71℄ and the same result is found,
when we use κ = k ·H and Eq. (A.4) to onvert between
the quantum numbers
107
(see Fig.10).
The Fermi level is at ε
F
= 0, sine half of the
states (2pz orbitals) are lled. By doping and/or a
gate voltage the Fermi level an be moved about ∼
±0.4eV.6,76,77,90,91,92 Furthermore note that graphene
has eletron-hole symmetry
89
for ε
F
= 0 and therefore
so does any (n,m) arbon nanotube.
1. The linearized band struture
We are only interested in the transport properties of
nanotubes and therefore expand Υ(k) around the Fermi
level ε
F
= 0, i.e. around the two zeros108 of Υ(k), Kς =
2π
a
( 1√
3
, ς 13 ), (ς = ±1) and obtain
Υ(Kς +K) ≃
√
3a
2
(iKx + ςKy), (A.10)
where we have introdued the deviation from Kς by
K ≡ k −Kς . Note that |Υ(Kς + K)| ≃
√
3a
2 |K| used in
Eq. (A.9). Furthermore, note that we do not expand Υ
around eah individual ε
F
6= 0 used, but around ε
F
= 0,
sine this preserves the eletron-hole symmetry of the
band struture. By inserting K = KT
T
|T| + KC
C
|C| into
the periodi boundary ondition Eq. (A.3) the energy is
13
found to be
ε±
KT ,nc
= (A.11)
± 2ℏv0
D
√(
KTD
2
)2
+
(
nc −
(n+m) + ς 13 (m− n)
2
)2
,
where D = a
√
n2+m2+mn
π
is the diameter, v0 =
√
3γ0a
2ℏ is
the value of the veloity in all metalli tubes.
2. Unied piture of metalli tubes: armhair-like
and zigzag-like tubes
We will now show using the linearized Υ Eq. (A.10)
that all metalli tubes are either zigzag-like or armhair-
like and dene the preise meaning of this. If
n−m
3 ∈
Z the (n,m) tube is metalli and has four rossings of
the Fermi level found from Eq. (A.11) to be: Two (the
± in Eq. (A.11)) for nς=+1c = 2m+n3 and two (±) for
nς=−1c =
2n+m
3 (i.e. KC = 0). This gives the energy and
eigenstates for the bands rossing the Fermi level:
εξ
K
T
,nςc
= ξℏv0KT and (A.12)(
α
β
)
ξ,ς
=
1√
2
(
−ξ i(m−n)−ς
√
3(n+m)
2
√
n2+m2+mn
1
)
, (A.13)
where ξ = ±1. This is found by inserting the linearized
Υ Eq. (A.10) into Eq. (A.9) and using KC = 0. By
doing this, we get sign(KT ) in α and ε ∝ ±|KT |, but
we require ontinuity of the states (aross the Υ = 0
point where Eq. (A.9) was not valid) and remove the
sign-funtion and thereby also the absolute value, i.e. the
metalli linear bands ross the Fermi level (ε
F
= 0). Note
that α and β are independent of KT and thereby k (to
rst order in k), whih turns out to be important in the
Coulomb matrix element. The energy bands ross the
Fermi level (ε
F
= 0) at KT = 0 and sine k = k · T|T| =
KT +Kς · T|T| the rossing of εF = 0 as a funtion of k is
at
Kς · T|T| =
{ −2πn
gcd(2n+m,2m+n)|T| for ς = +1
2πm
gcd(2n+m,2m+n)|T| for ς = −1
, (A.14)
whih are either both at k = 0 (double degenerate,
nς=±1c ) or k = ± 2π3|T| (non-degenerate) for k in the FBZ,
− π|T| ≤ k ≤ π|T| (see [80℄ for details). Furthermore,
we have the following onnetion between the rossing
of ε
F
= 0 and the rystal angular momentum of the
bands rossing
109
: If the bands are rossing ε
F
= 0 at
k = 0, then the two doubly degenerate rosses have dif-
ferent nonzero angular momentum ma =
2n+m
3 (mod n),
mb =
2m+n
3 (mod n) and ma 6= mb. If on the other
hand the rossing is at k = ± 2π3|T| , then both rosses
have ma = mb = 0. This makes it possible to divide
all metalli tubes into either armhair-like or zigzag-like
tubes (see gure 2) with the following bands rossing the
Fermi level (ε
F
= 0):
Zigzag-like: εξkm = ξℏv0k, m ∈ {ma,mb} (A.15)
Armhair-like: εΠk = −Πℏv0(|k| − k0), (m = 0), (A.16)
where k0 =
2π
3|T| , ξ = ±1, Π = ±1 and k ∈] − π|T| , π|T| ].
The translational vetor T (and |T|) is dierent for dif-
ferent metalli tubes independent of the type. Note that
the armhair-like bands are in general not onneted in
the way modelled by Eq. (A.16) (onsider e.g. a (7, 4)
tube), but sine they have the same angular momentum
m = 0 we onnet the bands in this way for onveniene.
For sattering between the bands we will however on-
sider the bands as four bands as we will see in setion
III. Examples of zigzag-like and armhair-like tubes are
found in table I.
For a (real) armhair (n, n) tube the Π index in
Eq. (A.16) is the parity in the angular oordinate in ylin-
drial oordinates
73,74
and the states are
(
α
β
)
= 1√
2
(
Π
1
)
to all orders in k (in the nearest neighbor tight-binding
approximation). Results similar to the ones obtained
from the linearized Υ Eq. (A.10) an by found by using
the k · p approximation,110 however this does not reveal
the rystal angular momentum.
APPENDIX B: SCREENING IN THE RPA
APPROACH INCLUDING THE BAND
STRUCTURE
Here we alulate the sreened Coulomb potential in
the random phase approximation (RPA) in order to in-
lude both stati and dynamial sreening eets in the
Coulomb drag, whih have been seen to be important
perviously for bilayer systems.
55,56,81
The Dyson equation for the sreened potential in real
and frequeny spae is:
V (r1, r2, ω) =V
0(|r1 − r2|)+∫
dr
∫
dr′ V 0(|r1 − r|)χ0(r, r′, ω)V (r′, r2, ω), (B.1)
where the non-interating polarizability is
χ0(r, t, r′, t′) = −iθ(t− t′)〈[ρˆ(r, t), ρˆ(r′, t′)]〉0, (B.2)
where ρˆ(r, t) is the density operator in the interation
piture and the average 〈· · · 〉0 is taken for non-interating
partiles. By writing the density operator by the help of
a omplete set of quantum states {ϕη(r)} we nd the
polarizability to be
χ0(r,r′, ω) = (B.3)∑
ηη′
f0(εη)− f0(εη′)
εη − εη′ − ω + i0+ ϕ
∗
η(r)ϕ
∗
η′ (r
′)ϕη′(r)ϕη(r′)
≡
∑
ηη′
χ˜0η,η′(ω) ϕ
∗
η(r)ϕ
∗
η′ (r
′)ϕη′(r)ϕη(r′),
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where 0+ is a positive innitesimal, f0(ε) is the Fermi
funtion and χ˜0η,η′(ω) was introdued. To nd the
Coulomb matrix element we insert the RPA equation
(B.1) into
〈1′2′|V (r1, r2, ω)|12〉 = (B.4)∫
dr1
∫
dr2ϕ
∗
1′(r1)ϕ
∗
2′ (r2)V (r1, r2, ω)ϕ1(r1)ϕ2(r2)
and get
〈1′2′|V (r1, r2, ω)|12〉 = 〈1′2′|V 0(|r1 − r2|)|12〉+ (B.5)∑
ηη′
χ˜0η,η′(ω)〈1′η|V 0(|r1 − r|)|1η′〉〈η′2′|V (r′, r2, ω)|η2〉.
This equation an be used for any set of quantum
states and in partiular for the metalli states for nan-
otubes, so η is the set of indies (i, k, ξ, ς, σ), where
i = 1, 2 is the tube index, σ is the spin and remem-
ber that ς determines the angular momentum m. The
sreened and unsreened matrix elements Eq. (10) and
Eq. (11) an now be inserted into Eq. (B.5) to get the
sreened matrix element. Doing this, we observe that
g1(k1ς1ξ1, k
′
1ς
′
1ξ
′
1)g2(k2ς2ξ2, k
′
2ς
′
2ξ
′
2) is a ommon fator,
whih simplies the result. To simplify further, we use
that gi and χ˜
0
i are periodi in the reiproal lattie
Gi for subsystem i, g(η, η
′) = g∗(η′, η) and introdue
qi ≡ k′i − ki, ∆mi ≡ m′i −mi and
Wi1i2(q1,∆m1, q2,∆m2, ω) ≡
∑
Gi1 ,Gi2
∑
ui1 ,ui2
V (q1 + Gi1 ,∆m1 + ni1ui1 , q2 + Gi2 ,∆m2 + ni2ui2 , ri1 , ri2 ), (B.6)
where i1, i2 are tube indies. Equivalently we introdue W0i1i2 for the sum over V 0 (without the g's and the 12πL
fator). So Eq. (B.5) beomes
Wi1i2(qi1 ,∆mi1 , qi2 ,∆mi2 , ω) = 2πLW0i1i2(qi1 ,∆mi1 , qi2 ,∆mi2) +
∑
G
i1
u
i1
∑
i
V 0(qi1 +Gi1 ,∆mi1 + ni1ui1 , ri1 , ri)
× χ0
e,i(qi1 +Gi1 ,∆mi1 + ni1ui1 , ω)Wii2 (qi1 +Gi1 ,∆mi1 + ni1ui1 , qi2 ,∆mi2 , ω), (B.7)
whih has a matrix struture in the reiproal lattie and in i and the eetive polarization is
χ0
e,i(q,∆m, ω) =
2
2πL
∑
kς
∑
ξξ′
χ˜0i (kξς, k + qξ
′ς ′, ω)|gi(k, ξ, ς ; k + q, ξ′, ς ′)|2, (B.8)
where ς ′ is hosen suh that m′ = m + ∆m. Note that χ˜0 is diagonal in the tube index i, sine we do not inlude
tunnelling between the tubes. In order to nd the sreened intershell Coulomb interation we trunate Eq. (B.7) and
only inlude the Gi1 = 0 and ui1 = 0 term in the sum, whih gives us a 2× 2 matrix equation (in i) to nd W12, and
therefore the sreened Coulomb matrix element is:
〈k′1m′1ξ′1, k′2m′2ξ′2|V (r1, r2, ω)|k1m1ξ1, k2m2ξ2〉 =
1
2πL
g1(k1ς1ξ1, k
′
1ς
′
1ξ
′
1)g2(k2ς2ξ2, k
′
2ς
′
2ξ
′
2)
×
∑
G1,G2
∑
u1,u2
V 0(k′1 − k1 +G1,m′1 −m1 + n1u1, r1, r2)
ǫ12(k′1 − k1,m′1 −m1, ω)
δk
1
+k
2
,k′
1
+k′
2
+G
1
+G
2
δm′
1
+m′
2
+n
1
u
1
,m
1
+m
2
+n
2
u
2
(B.9)
with
ǫ12(q,∆m, ω) =
[
1− χ0
e,1(q,∆m, ω)V
0(q,∆m, r1, r1)
][
1− χ0
e,2(q,∆m, ω)V
0(q,∆m, r2, r2)
]
− χ0
e,1(q,∆m, ω)χ
0
e,2(q,∆m, ω)× V 0(q,∆m, r1, r2)V 0(q,∆m, r2, r1), (B.10)
where we have negleted the reiproal lattie vetors dierent from zero and therefore used
V 0(qi1 ,∆mi1 , r1, r2)W022(qi1 ,∆mi1 , qi2 ,∆mi2)− V 0(qi1 ,∆mi1 , r2, r2)W012(qi1 ,∆mi1 , qi2 ,∆mi2) ≃ 0.
If we onsider armhair-like tubes (only the linear bands from Eq. (A.16)), then all the rystal angular momentum
is zero and from the g-fator analysis in setion III A the interband transition (Π = 1↔ Π′ = −1 in Eq. (A.16)) an
safely be negleted and for the intraband transition we have g ∼ 1. Therefore
χ0
e,i(q, 0, ω) =
2
2πL
∑
k
∑
Π=±1
χ˜0i (kΠ, k + qΠ, ω) ≡ χ0e,i(q, ω)Π=+1 + χ0e,i(q, ω)Π=−1, (B.11)
15
and for 0 ≤ q ≤ π|T| we nd in the long tube limit and for zero temperature (T = 0)
χ0
e,i(q, ω)
Π=+1 =
2
(2π)2ℏ
[
θ
(
k0 − εF
ℏv0
− q
) v0q (k0 + 2εFℏv0
)
ω2 − v20q2
(B.12)
+ θ
(
q − k0 + εF
ℏv0
){2v0q (q − π|T|)
v20q
2 − ω2 +
1
2v0
ln


∣∣∣∣∣∣∣
ω2 − v20
(
q − 2k0 + 2εFℏv0
)2
ω2 − v20q2
∣∣∣∣∣∣∣


}
+ θ
(
q − 1
2
k0 − εF
ℏv0
)
1
2v0
ln


∣∣∣∣∣∣∣
ω2 − v20
(
q − k0 − 2εFℏv0
)2
ω2 − v20q2
∣∣∣∣∣∣∣

+ θ
(
1
2
k0 +
ε
F
ℏv0
− q
) 2v0q ( 12k0 + εFℏv0 − q
)
v20q
2 − ω2
]
and
χ0
e,i(q, ω)
Π=−1 =
2
(2π)2ℏ
[
θ
(
k0 +
ε
F
ℏv0
− q
) 2v0q (k0 + εFℏv0 − q
)
v20q
2 − ω2
+ θ
(
q − k0 − εF
ℏv0
)
1
2v0
ln


∣∣∣∣∣∣∣
v20
(
q − 2k0 − 2εFℏv0
)2
− ω2
v20q
2 − ω2
∣∣∣∣∣∣∣

+ θ
(
1
2
k0 − εF
ℏv0
− q
) 2v0q (k0 + εFℏv0
)
ω2 − v20q2
+ θ
(
q − 1
2
k0 +
ε
F
ℏv0
){2v0q ( π|T| − q)
ω2 − v20q2
+
1
2v0
ln


∣∣∣∣∣∣∣
v20
(
q − k0 + 2εFℏv0
)2
− ω2
v20q
2 − ω2
∣∣∣∣∣∣∣


}]
, (B.13)
whih for small q and ω simplies to the result in111:
χ0
e,i(q, ω)
Π=+1 = χ0
e,i(q, ω)
Π=−1
=
4v0q
2
(2π)2ℏ(ω2 − (v0q)2) . (B.14)
Note that in the stati limit the eetive polarizability is
just a onstant. The zero temperature approximation
55
of the polarizability is good as long as T is muh smaller
than T
F
, whih is often the ase for nanotubes (T
F
∼
1000K). Inluding nite temperature in the polarizability
ould give a plasmon enhaned drag as previously found
for bilayer systems
56,57
at T ≃ 0.5T
F
.
For zigzag-like tubes the eetive polarizability an
be found in the same way, but for the linear bands
rossing the Fermi level (ε
F
= 0) we an  in on-
trast to the armhair-like ase  have both ∆m = 0 and
∆m = ±(ma −mb).
The unsreened Coulomb interation V 0(q,∆m, ri, rj)
an be found from the Poisson equation by Fourier trans-
forming in the ylindrial oordinate and in the oordi-
nate along the tube, i.e.
80
V 0(q,∆m, ri, rj) =
e2
ǫ0
I∆m(qri)K∆m(qrj) ri ≤ rj , (B.15)
where I∆m(x) (K∆m(x)) is the modied Bessel's fun-
tions of the rst (seond) kind of order ∆m and ǫ0 is the
vauum permittivity. Note that the small q limit is (log-
arithmi) divergent only for the potential with ∆m = 0.
So we have all the ingredients in the sreened Coulomb
matrix element between dierent shells using the tight-
binding states of the arbon nanotubes, whih is used to
model the Coulomb drag between the shells.
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